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Abstract The ruin probability of the renewal risk model with investment strategy for a capital
market index is investigated in this paper. For claim sizes with common distribution of extended regular
variation, we study the asymptotic behaviour of the ruin probability. As a corollary, we establish a
simple asymptotic formula for the ruin probability for the case of Pareto-like claims.
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1 Introduction and model

Consider a continuous-time renewal risk model, in which claim sizes Xy, k = 1,2,.. ., constitute
a sequence of independent, identically distributed (i.i.d.), and nonnegative random variables
with generic random variable X distributed by F', while their arrival times 0 = 79 < 71 < T2 <

- constitute an ordinary renewal counting process
(o]
Ny = Z l(O,t](Tk)7 t=0, (1)
k=1

where 1(g () denotes an indicator function whose value is 1 if z € (0,¢] and 0 otherwise.
Assume that {Xj;, k = 1,2,...} and {Ny,t > 0} are mutually independent. This renewal risk
model is extended by allowing investments. Suppose that a portion of the surplus is invested
into a Black-Scholes type market index whose price process is modeled by a geometric Brownian
motion. Thus the wealth process {U;, ¢t > 0} of the insurer can be defined by the stochastic
differential equation

dU; = cdt — dS; + U (udt + odWy), (2)
where ¢ > 0 is the constant premium rate, S; = Esz‘l X, represents aggregate claims during
the time interval (0,¢], 4 > 0 and o > 0 are two known parameters, W = {W;,t > 0} is a
standard Brownian motion independent of {X,k =1,2,...} and {Ny,t > 0}, and 6 € [0,1] is
the constant fraction of the surplus invested into the risky asset. Such a strategy is dynamic
in the sense that it requires an instantaneous rebalancing of the portfolio according to price
changes.
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The solution of (2) is given by
t
U, = exp{fit + e Wi} u + / exp{—fw — dW, }(edv — dS,)], (3)
0

as is easily derived by Itd’s formula, where Uy = u > 0 is the initial surplus, i = uf — 0262/2,
and ¢ = gf. We intend to study the asymptotic behaviour of the ruin probability of the renewal
risk model (3) in the sequel.

Calculation of finite- and infinite-time ruin probabilities in the continuous- and discrete-time
renewal risk models has been done by numerous authors; see, for instance, [1-5], among others.
Enormous attention has also been paid to the case of large claims in the presence of investments
in the literature; see, for instance, [6-10].

The rest of this paper is organized as follows. Section 2 defines ruin probability and other

concepts, Section 3 presents the main result, and Section 4 provides the proof.

2 Definitions
Definition 2.1.  The ruin probability of the renewal risk model (3) is defined to be

WV

U(u) =Pr(U; < 0,3t > 0| Uy = u), u > 0. (4)

Definition 2.2. A distribution F on [0,00) is said to belong to the class R_o for some
constant « > 0 if F(x) =1— F(x) >0 for all x > 0 and

lim F(vx)
The class R is the union of all classes R_ over the range of a > 0.

Definition 2.3. A distribution F on [0,00) is said to belong to the class ERV(—a, —f) for
some constants a and 3, 0 < a < B < oo, if F(z) >0 for allz > 0 and

F F
v 8 < liminf (vz) < lim sup (vz) <ov @ for allv > 1. (6)

The class ERV is the union of all classes ERV(—a, —3) over the range of 0 < a < 8 < 0.

=0 for allv > 1. (5)

The extended regular variation described by (6) has been used in the study of precise large
deviations by many people; see [11-13], etc. It is well known that ERV is a subclass of the class
S (see Theorem 1 of [14]), where S is the class of subexponential distributions characterized by
the relations F(z) > 0 for all x > 0 and lim, .., F2*(z)/F(x) = 2 (F?*(x) denotes the 2-fold
convolution of F'(x)). It is usually easier to deal with distributions from the class R than those
from the class ERV because of the well-developed Karamata theory. Although the class ERV
is marginally larger than the class R, we expect that asymptotic results for the class ERV can
provide more insight to the study in the subexponential case. For more details of heavy-tailed
distributions, the reader is referred to [15, 16].

3 Main result

From now on, all limit relationships are for © — oo unless otherwise stated. For two positive
functions f(-) and g(-), we write f(u) ~ g(u) if lim f(u)/g(u) = 1, write f(u) 2 g(u) if
liminf f(u)/g(u) > 1, write f(u) < g(u) if limsup f(u)/g(u) < 1, and write f(u) = O(g(u)) if
limsup f(u)/g(u) < co.
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Consider the renewal risk model (3). We assume throughout this paper that F' € ERV(—q,
—0), 1 < a <8< oo, and that
?; > 8. (7
Assumption (7) reflects that the volatility should be dominated by the drift; otherwise, large
volatility will lead to the bankruptcy with probability one. See [7, 17] for related discussion.
For later use, let & = 7, — 7k—1, kK = 1,2,..., denote the i.i.d. inter-occurrence times with

common distribution G on (0,00). Recalling (1), the expectation of Ny is

A =EN, =) Pr(m <t)=>» G™(t), >0, (8)
k=1 k=1

where G**(t) denotes the k-fold convolution of G(t). A; defined by (8) is called the renewal
function.
Thus, the main result of this paper is given as follows:

Theorem 3.1. If F € ERV(—a«, —f) for some 1 < a < 8 < oo and Assumption (7) holds

then the relation
U (u) ~ / / F(uy)dLN(y; fit, 5t)d\; (9)
o Jo

stands, where LN(y; a, b?) denotes the lognormal distribution with parameters a and b?.

Corollary 3.1.  Assume the conditions of Theorem 3.1. When § = «, i.e. F € R_, with

some o > 0, we have

~

G(fia — 55%a?)

U(u) ~ F(u ~ , 10
@~ P, 7 (10)
where G denotes the Laplace transform of the distribution G.
The proofs of Theorem 3.1 and Corollary 3.1 are left to Section 4.

4 Proofs
4.1 Lemmas
Consider the renewal risk model (3). Introduce

Yk Zexp{—ﬂ(Tk—kal)—é(WTk —W-,—k_l)}7 k=1,2,..., (11)

which are i.i.d. random variables with the same distribution of ¥; = exp{—pa&1 — 6We, }.

Lemma 4.1.  Consider the claims {Xi,k = 1,2,...} and the sequence {Yi, k = 1,2,...}
introduced in (11). If F € ERV(—a, —f) for some 1 < a < 3 < oo then

[eS) k [eS) k
Pr<ZXkHY;>u>~ZPr<XkHY;>u). (12)
k=1 i=1 k=1 i=1

Proof.  Note that {Xj,k =1,2,...} and {Yi, k = 1,2,...} are independent and that, under
the assumption (7), E[Y;*~° \/YfM] < 1 for some 0 < § < o, we have (12) as a straightforward
corollary of Theorem 3.1 of [9].
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Lemma 4.2. Let X and Y be two independent and nonnegative random variables, where X
has a distribution F € ERV(—a, —3) for some 1 < a < 3 < oo and EYPH? < oo for some
0 < 6§ < a. Then for some constant D > 0,

Pr(XY > u)

> DE[Y® 9 A YPHI]. 1
Pr(X > u) [ " ] (13)

lim inf

Proof.  See Theorem 3.5 of [18].

Lemma 4.3. If F € ERV(—a,—0) for some 1 < a < 8 < oo then it holds for every
0 < § < oo, some constant D >0 and all large u > 0 that

F(u) > Du=P7°, (14)
Proof.  See Lemma 3.1 of [13].
4.2 Proof of Theorem 3.1

Starting with (4) and using (3), we have

Ny
W(u):Pr(u—i—c/ exp{—jv — W, }dv—ZXkexp{ pry — W, } <0, 3t > 0)
0 k=1

Writing A = ¢ [ exp{—jw — W, }dv and recalling (11), it is easy to see that

(Zxkny >u+A> (Zxkny >u) (15)

Firstly, consider the upper bound. With Assumption (7), from (15), (12) and (11), we have

[e's) k
u)§ZPr (XkHYi > u)
k=1 i=1

:ZPI(Xk exp{—p7p — Wy, } > u)
k=1

—Z/ Pr(X exp{—fit — W} > u)dG**(t)

/ / F(uy)dLN(y; fit, 5*t)d s, (16)

where LN(y; fit, 52t) denotes the lognormal distribution with parameters jit and 52t
Secondly, consider the lower bound. By (15), for arbitrarily small € > 0, it holds that

o) k
Pr (ZXk [[vi>a+ s)u) — Pr(A > cu). (17)
k=1 =1

Employing Theorem 2.1(a) of [19], we obtain that the second term on the right-hand side of
(17), for some B < 3 < 2ji/52, satisfies that

EAP ,

Pr(A > eu) < N O(u="). (18)
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For the first term on the right-hand side of (17), following (16) we have

00 k S
Pr (ZXk HYi > (1+ s)u) ~ / Pr(X exp{—pt — cW;} > (1 + e)u)d\,. (19)
k=1 =1 0

Let p > 0 be such that 5'(1 — p) > . By the definition in (6), we continue to derive the lower
bound for (19) as

/000 Pr(X exp{—jt — cWi} > (1 + €)u, exp{—ft — W3} < ul7P)dN,
- /OOO E[F((1 + €)uexpljit + 5We})Lioxp(_at—swiy <ur-m]dA
2+ [ EIFep{t + W)L ey ur o
>(14¢)7" [/000 Pr(X exp{—ft — cWi} > u)d\
- /000 Pr(exp{—jt — 6W;} > u'~F)d\.|. (20)

Next, we prove that the second integral of (20) is asymptotically negligible when compared with
the first integral of (20). By (13), it holds for some 0 < § < o and some constant D > 0 that

/ Pr(X exp{—ft — cWi} > u)d)\
0

= F(u) /0°° Pr(X exp{—fit — Wi} > u)

Pr(X > u) dAe

> DF(u) / " Blexp{—(a — 8)(it + 5Wi)} A exp{—(8+)(it +5WYdA  (21)

It is easy to check that the integral in (21) is a finite constant. Recalling Assumption (7), for
the 3’ used above we have

o0 OQE B /)~ B
[ Prtesptogt - awy > oy, < [T EOREIG S WM,
0 0 U p

, oo , é ~nor 1292
R A (e I e )
0 2 1-G(ap — 152672)
Following from (21), (22) and (14), we obtain

o Jo Priexp{=jit = Wi} > ul=7)dx,

. —0. 23
Jo Pr(Xexp{—pat —W;} > u)dX 23)

Therefore, the combination of (19), (20) and (23) gives that

oo k 0o o
Pr (];Xk 1;[116 > (1+ s)u) Z 1+ e)‘ﬁ/o /O F(uy)dLN(y; it, 5*t)dX\;.  (24)

Moreover, it follows from (18), (21) and (14) that

Pr(A > eu) —0
JoT Pr(X exp{—jit — 6W;} > u)dN,

lim
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By the combination of (17), (24), (25) and the arbitrariness of € > 0, it follows that

/ / (uy)dLN(y; it, 5%t)d)\,. (26)

Finally, the combination of (16) and (26) leads to the desired result (9).

4.3 Proof of Corollary 3.1
Rewrite the right-hand side of (9) as

/O N { /1 h F(uy)dLN(y; fit, 5°t) + /1 " F(uy)dLN(y; —fit, 6°t) | d)s. (27)

By the definition of R_, in (5), for every 0 < 0 < «, there are some constants C' > 0 and
ug > 0 such that for all uy > u > o,

Z;(ZL@’)) < Cy—o+s, (28)

By (28), applying the dominated convergence theorem to (27) we derive the relation (10) as

follows:

\Il(u)NF(u)/ U *adLN(y;gt,zf?t)jL/l y~*dLN(y; —jit, 52t) | d)\

/ / “*dLN(y; fit, 5°t)d )\

—Fw [ exp{—@a—;”)}ﬂ F()l—é(g&a—éaQ;QO)ﬂ)
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