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Abstract Considering the classical model with risky investment, we are interested in the ruin probability that
is minimized by a suitably chosen investment strategy for a capital market index. For claim sizes with common
distribution of extended regular variation, starting from an integro-differential equation for the maximal survival
probability, we find that the corresponding ruin probability as a function of the initial surplus is also extended

regular variation.
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1 Introduction

Calculation of ruin probabilities in the classical risk model is by now well understood. It is
known that, if the claim sizes of the model have finite exponential moments, then the ruin
probability decreases to zero exponentially fast as the initial surplus increases. For the case of
heavy-tailed claims there also exists numerous results in the literature. When the insurance
company is allowed to invest a portion of its surplus into a stock whose price is described by
a geometric Brownian motion, an optimal investment strategy in the sense of minimizing the
ruin probability was proposed by Hipp and Plum[®!. For the case that the distribution of claim
sizes is regularly-varying tailed with index p for some o < —1, following Hipp and Plum’s[! idea
of optimal investment, Gaier and Grandits!?l proved that the corresponding ruin probability
considered as a function of the initial surplus is also regularly varying with the same index.

In this short note we aim to extend the result of Gaier and Grandits/? in parallel to the
case of extended regular variation.

The rest of this note consists of two sections. In Section 2 we formulate the risk model and
prepare necessary preliminaries while in Section 3 we present and prove our main result.

2 The Model and Assumptions

Assume that the surplus process, X = {X(¢),t > 0}, of the insurer without investments fulfills
dX(t) = cdt — dS(t), t >0,

with initial surplus X (0) = u, where ¢ > 0 denotes the constant premium rate, S = {S(¢),t > 0}
denotes aggregate claims modeled by a compound Poisson process with a Poisson intensity
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A > 0, and the common distribution of claim sizes is P satisfying P(0) = 0 with mean pu.
Assume a positive safety loading, i.e. ¢ > Au. Furthermore, assume that the insurer is allowed
to invest a portion of its surplus into a stock whose price process, R = {R(t),t > 0}, is modelled
by the geometric Brownian motion

dR(t) = R(t)(adt + bdW (t)), t>0,

with R(0) = 1, where a > 0 and b > 0 are two known parameters and W = {W(¢),t > 0} is a
standard Brownian motion. At time ¢, the insurer holds ¥(t) shares of the stock, which gives
us the following evolution equation for the wealth process V = {V(¢t),¢ > 0}:

AV (t) = dX(t) + I(t)dR(t), >0,

with V(0) = u. Note that by doing so we have assumed zero interest rate. Our aim is to
minimize the ruin probability

Pr(V(t) < 0 for some t > 0]V (0) = u)

over all predictable (with respect to the filtration generated by S and W) investment strategies
9 ={J(¢t),t > 0}.

Denote by ®(u) the survival probability under the optimal strategy and write &)(u) =D (u)
with 7 a suitably chosen constant such that &)(oo) = 1. It is shown in Hipp and Plum! that
® solves, after denoting Ab?/a? and cb®/a?® with the symbols X and ¢, the following integro-
differential equation

/()] - X / ¥ (u— ) Pla)dz + E(# (w) ~ Pw))] = | (@ ()
0
subject to the boundary conditions that ®/(0) = ®(0)A/c = 1. Introducing I(u) = @ (u), we
get the following equivalent problem for [:

' (u) [ Y /Ou l(u— 2)P(x)dx + c(I(u) — P(u))} =, (1(w))? 2)

with [(0) = 1. Through Equation (2), Hipp and Plum (see [3, Corollary 3.2]) showed that, if
P has a locally bounded density, then Equation (1) admits a positive, strictly increasing, and
strictly concave solution ® € C'2(0, 00) N C' 1[0, o).

We shall assume that the distribution P has an extended regular variation characterized by
the two-sided inequality

< lim sup P(zy)

y*ﬁ < liminf Plry)

<y~ Yy > 1 3
minf <y y (3)

and for some 0 < o < # < 0o. For notational convenience we denote by P € ERV(—a, —f3) the
regularity property of (3). Trivially, (3) is equivalent to

P P
v® < liminf (z/v) < lim sup (z/v) < 0P, Yo > 1,
P P@) e P(a)

which implies that, for all large x > 0,

P(z/v) < 20°P(x), VYu>1.
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When o = 3 > 0 the class ERV(—a, —f3) is reduced to the famous class R_, of distributions
with regular variation. Therefore, the class ERV is a natural extension of the class R. For
more details of regular variation and extended regular variation, the reader is referred to the
monograph Bingham et al.l'l. The following is a restatement of Lemma 3.1 of Tang et al.[!:

Lemma 1.  Let P be a distribution belonging to the class ERV(—a, —3) for some 0 < a <
B < 0o. Then, for any 0 < & < a < 8 < ' < oo, the distribution P has a finite moment of
order & and the two-sided inequality

czafﬁ’ < P(x) < clafo"
holds for any positive constants c¢1 and co independent of x and all large x > 0.

The purpose of this note is to show that, if the distribution of claim sizes belongs to the
class ERV(—a, —(3) for some 1 < a < 3 < oo, then the same regularity property holds for the

. . . A . . .
(minimal) ruin probability ¥ =1 — ® corresponding to the optimal investment strategy.

3 The Main Result and its Proof

Let us start from analyzing Equation (2). We shall testify that all the three lemmas of Gaier
and Grandits/? can be established in the current more general situation by adding certain
appropriate conditions. The following first lemma shows that, if P € ERV(—«, —0) for some
1 < a < 8 < 00, then the solution [ of (2) decreases to zero faster than P, as u — oo. This will
allow us in the sequel to get rid of the convolution integral in (2).

Lemma 2.  Let P € ERV(—«, —f) for some 1 < a < 8 < oo (hence it has a finite mean).
Then there is some € > 0 such that

lim " Hw)

Jim = 0. (4)

Proof. 1t follows from Lemma 1 that, for any fixed 0 < o/ < &' <a << B < B < oo, as
U — 00,

W' P(u) — 0o and u® P(u) — 0. (5)

Case 1. [/ < 1.5. In this case the assertion follows directly from (5) and Conclusion (e)iii
in the proof of Theorem 3.1 of Hipp and Plum[®!, since our assumption implies that P has a
finite integral over [0,00). In detail, it follows from Hipp and Plum[! that

lim u3/21(u) = 0.

UuU—00

Thus by (5), when 3’ < 1.5,

lim ugl(u) =0 and lim u*P(u)=0

U— 00 U— 00
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hold, then we have B
lim u”1/2](u) = 0.

U—00

Here is the proof for this step. By defining

Wl () = - /O " 1w - 2)P(@)de + 2(i(w) - P(w),

it follows from (2) that
C1Rw) 11

T2 2010 ()

We obtain, similarly as in the proof of Theorem 3.1 of Hipp and Plum[!, that

Pll](w)

) e )
—P 21 ) <P 12 / l(u — 2)P(x)dz + 5P~ /2P(u)
0
+ X1/ / _(u— x)P(x)dx
w—ul—1/28

gXuE_l/Ql(ul_l/QE)u+Xug+1/2_1/25P(u _ ul_l/QE) _’_EUE—l/QP(u).

According to our assumptions, all the three terms on the right-hand side of above expression
tend to zero as u — oco. Hence,

~ G+1/2
lim «’TY2](u) = lim v
W W 1/1(u)
~ 1\ w172
=(F+,) Jim (1/1)(u)

=~ (26 +1) lim «* 29[ (u) = 0.
Step 2. Let

o =sup{a/ >0: lim u® Plu) = 0} and B*=inf{3' >0: lim u? P(u) = oo},

UuU—00 uU—00

1

and assume that * —a* < 23‘* . Similarly to (5), for all a* > 0 we can find some 0 < a < ,_.

such that, as u — oo, B B
u*T P(u) — 0o and u®P(u) — 0. (6)
Let the map J be defined by

J(x) =inf{m =0,1,... |z —m/2 < 1.5},
for all x > 1.5. We start with the assumption

lim w
U— 00

g+1/22;75<2;+1/2&'>/2l(u) =0,

that is, we set 3 = a-+1/2a— J (& +1/2a)/2. This holds true by the result of Hipp and Plum/®]
as mentioned in Case 1. Repeated application of Step 1 (note that we may look on 8+ 1/2 as

a new ‘4’ at the second time) yields

lim ugﬂ/ﬂl(u) =0. (7)

U— 00
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It follows from (6) and (7) that

a+1/2a 1/2a—a*
T O ) _y,
u—00 uaJra*P(u) U—00 P(u)

By the choice of & we know that 1/2a& > «o*. The assertion of Lemma 2 is obtained.

Next we want to apply a theorem of Luxemburg[¥, which deals with the asymptotic behavior
of convolution integrals. As this result is formulated for the so-called admissible functions, we
have to make sure that we can apply the result in our case as well. This is done in the following
lemma.

Lemma 3. Let P be as in Lemma 2. Then P is admissible in the sense of Luzemburgl®,
i.e., P is continuous and strictly positive for all w > 0 and it satisfies:
(i) lim P(x+s)/P(x) =1 for every s >0;

(i) there exists a constant k > 1 such that, for all y > 0,

max(P(z)|y <z <2y) < wP(2y).

Proof. As P is trivially continuous and strictly positive, we start with the proof of (i). This
follows immediately from a well-known result - the uniform convergence theorem for functions
of extended regular variation (see [1, Theorem 2.0.7]), which says that, if f € ERV, then for all
T > 1 and for some constants @ and E, as x — oo, the relations

{1+ o)} < flya)/f(@) < {1+ o(1)}y"

hold uniformly in v € [1,Y].

As P is monotonically increasing, (ii) is a simple consequence of the definition of extended
regular variation.

The last lemma below shows the asymptotic behavior as u — oo of the convolution integral

Pxl(u) = /Ou P(u— x)l(x)dx = /Ou l(u—z)P(x)dx
in (2). In the sequel the notation f(x) ~ g(z) stands for Ih_)ngo f(x)/g(x) = 1.

Lemma 4. Let P as that defined in Lemma 2 and let | be the solution of (2), then we have
Pol(u) = / P(u— 2)(z)dz ~ Pu) / () da. (8)
0 0

Proof. 1In virtue of Lemmas 2 and 3, the proof can be given by going along the same lines of
the proof of Lemma 3.3 of Gaier and Grandits!?.
Now we are ready to formulate our main result:

Theorem 1.  Let P belong to the class ERV(—a, =) for some 1 < a < 8 < oo and let U
be the minimal ruin probability. Then we have ¥ € ERV(—aq,—01), where oy < (31 are two
positive constants not necessarily the same as a and (3.

Proof.  Firstly note that, for functions f,g and some constant C' > 0, if f ~ Cg, then f €
ERV(—a,—f) and g € ERV(—a, —) are equivalent. Using this fact as well as Lemmas 2 and
4, we conclude from (2) that

—12 _ € ERV(—a, —0)
v (Ll T
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By a basic property of extended regular variation (see [1, page 67]), this gives that

(}) € ERV(3, ).

Applying the generalized Karamata’s theorem (see [1, Section 2.6]), we have 1/l € ERV (82, a2),
or, equivalently, [ € ERV(—aq, —2). Hence,

/

d
ﬁ =9 c ERV(—OQ, —ﬁg).

Again applying the generalized Karamata’s theorem, we finally obtain that
e ERV(—CH, —61).

This ends the proof of Theorem 1.

References

(1] Bingham, N.H., Goldie, C.M., Teugels, J.L. Regular Variation. Cambridge University Press, Cambridge,
1987

(2] Gaier, J., Grandits, P. Ruin probabilities in the presence of regularly varying tails and optimal investment.
Insurance Math. Econom., 30(2) 211-217 (2002)

(3] Hipp, C., Plum, M. Optimal investment for insurers. Insurance Math. Econom., 27(2) 215-228 (2000)

[4] Luxemburg, W.A.J. On an asymptotic problem concerning the Laplace transform. Applicable Anal., 8(1)
61-70 (1978)

[5] Tang, Q., Su, C., Jiang, T., Zhang, J. Large deviations for heavy-tailed random sums in compound renewal
model. Statist. Probab. Lett., 52(1) 91-100 (2001)




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


